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a b s t r a c t
In this paper, we derive a local Aronson–Bénilan estimate for a weighted porous medium
equation on Riemannian manifolds; this generalizes a result of Peng Lu et al.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let (Mn, g) be a complete Riemannian manifold. We consider the following equation on (Mn, g),
∂u
∂t
= 1um −∇φ · ∇um, (m ≥ 1). (1.1)
We introduce the symmetric 2-tensor
Ricp,n(L) = Ric+ Hessφ − ∇φ
∇φ
p− n , (p = (1+ β)n,∀β > 0) (1.2)
and call it the p-dimensional Bakry–Emery Ricci curvature of the diffusion operator L = ∆ − ∇φ · ∇, where φ ∈ C2(M).
Here∆ and∇ are, respectively, the Laplace–Beltrami operator and the gradient in the metric g of the Riemannian manifold
(Mn, g), and Hess(φ) is the Hessian of φ. We use the following notation throughout the whole paper:
Ric(L) = Ric+ Hessφ,
where Ric(L) is the∞-dimensional Bakry–Emery Ricci curvature.
The Bakry–Emery Ricci curvature was introduced when Bakry and Emery [1] studied the logarithmic Sobolev inequality
for diffusion operators on a complete Riemannian manifold. Recently, Lott [2] has given a new understanding of the
Bakry–Emery Ricci curvature by using the warped product metric. About the recent literature on the Bakry–Emery Ricci
curvature, see [3] and its references.
✩ This work is supported by the National Natural Foundation of China (44100170) and Shanghai Leading Academic Discipline Project (B407).∗ Corresponding author at: Institute of Mathematics and Information Science, Jiangxi Normal University, Nanchang, 330022, China.
E-mail addresses: jiangxr314@yahoo.com.cn (X. Jiang), cliao@math.ecnu.edu.cn (C. Liao).
0022-247X/$ – see front matter© 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2012.03.018
90 X. Jiang, C. Liao / J. Math. Anal. Appl. 393 (2012) 89–96




on (Mn, g). That is, in (1.1), the case that m = 1, and φ is constant. The results in [4] has a great impact in the field of
geometric analysis. One of the fundamental results is the following important gradient estimates for heat equations.
Theorem 1.1. Let (Mn, g) be a complete Riemannian manifold, and u(x, t) be a positive solution of (1.3) on B(O, 2R)× (0, T ].


















where u(x, t) ∈ B(O, R)× (0, T ]. Here C is a constant only depending on n.








Recently, in [5], Li has generalized Theorem 1.1 to symmetric diffusion operators, that is, he has obtained the following
theorem.
Theorem 1.2. Let M be a complete Riemannian manifold, and Ricp,n ≥ −(p− 1)K 2, (K ≥ 0), on the ball B(O, 2R). Let u(x, t)


















where u(x, t) ∈ B(O, R)× (0, T ]. Here p = (1+ β)n, for any β > 0 and C is a constant only depending on n.
In a recent paper [6] of Peng Lu et al., a local Aronson–Bénilan estimate for porous medium equations (PMEs) and fast
diffusion equations (FDEs) on manifold was established. We assume v = mum−1m−1 , a1 = n(m−1)n(m−1)+2 . They get,
Theorem 1.3. Let u be a positive smooth solution to (1.1), whenφ is constant andm > 1, on the cylinder Q := B(O, 2R)×[0, T ].
Let vR,Tmax := maxB(O,2R)×[0,T ]v.

















on Q ′ := B(O, R)× [0, T ]. Here a1 = n(m−1)n(m−1)+2 and the positive constants C1 and C2(α) depend also on m and n.



















Here, a1 and C2(α) are as before and the positive constants C3(α) and C ′1(KR) depend also on m and n.
Acceptable values of the constants are
C1 := 40(m− 1)(n+ 2), C2(α) := 200a1α
2m2
α − 1 ,
C3(α) := (m− 1)(n− 1)
α − 1 , C
′
1(KR) := 40(m− 1) [3+ (n− 1) (1+ KR)] .
Note that C ′1(0) = C1.
They also got a similar estimate for fast diffusion equation in [6], whenm ∈ (1− 2n , 1).
Dolbeault et al. [7] have studied Eq. (1.1) on a bounded domainΩ ∈ Rn, which provides new interpolation inequalities
and decay estimates for the solutions of the nonlinear equation.
A natural question is whether the result of Theorem 1.3 is still true for a general φ ∈ C2(M) in Theorem 1.3.
In this paper, we will address the question, and get the following result.
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Theorem 1.4. Let u be a positive smooth solution to (1.1), and m > 1, on the cylinder Q := B(O, 2R) × [0, T ]. Let
vR,Tmax := maxB(O,2R)×[0,T ]v. Assume that the p-dimensional Bakry–Emery Ricci curvature Ricp,n(L) ≥ −(p − 1)K 2, (K ≥ 0),
on B(O, 2R), where L = ∆−∇φ · ∇ and φ ∈ C2(M).
















on Q ′ := B(O, R)× [0, T ]. Here a2 = p(m−1)p(m−1)+2 and the positive constants C1 and C2(α) depend also on m and n.



















Here, a2 and C2(α) are as before and the positive constants C3(α) and C ′1(KR) depend also on m and n.
Acceptable values of the constants are
C1 := 40(m− 1)(p+ 2), C2(α) := 200a2α
2m2
α − 1
C3(α) := (m− 1)(p− 1)
α − 1 , C
′
1(KR) := 40(m− 1) [3+ (p− 1) (1+ KR)] .
Note that C ′1(0) = C1, and p = (1+ β)n, for any β > 0.
The paper is organized as follows. In Section 2 we establish some lemmas. In Section 3 using maximum principle and
generalized Laplacian comparison theorem,we can prove Theorem1.4. And using Theorem1.4,we obtain several corollaries.
2. Preliminaries
First, let v = mm−1um−1, andm > 1, then using (1.1), we get
∂v
∂t
= (m− 1)vLv + |∇v|2. (2.1)
Assuming that u > 0, we introduce the quantities y = |∇v|2
v
, z = vt
v
and the differential operator
L := ∂
∂t
− (m− 1)v∆+ (m− 1)v∇φ · ∇ = ∂
∂t
− (m− 1)vL. (2.2)
We also introduce the differential expression Fα := αz − y, α > 1. Using (2.1), we get
Fα = (m− 1)Lv + (α − 1)vt
v




In particular, F1 = (m− 1)Lv.
The goal of this section is to calculate a formula forL(Fα).




















Lemma 2.1. Let u be a positive smooth solution to (1.1) on (Mn, g), and let v := mm−1um−1, (m > 1). Then we have
L(vt) = F1vt + 2⟨∇vt ,∇v⟩,
L|∇v|2 ≤ 2F1|∇v|2 + 2⟨∇|∇v|2,∇v⟩ − 2(m− 1)p v(Lv)
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Proof. (1) We have
∂
∂t
vt = vtt = (m− 1)vtLv + (m− 1)vLvt + 2⟨∇v,∇vt⟩,
(m− 1)vL(vt) = (m− 1)v1vt − (m− 1)v⟨∇φ,∇vt⟩.
So,
Lvt = (m− 1)vtLv + 2⟨∇v,∇vt⟩ = F1vt + 2⟨∇v,∇vt⟩.
(2) Following [5], we get the generalized Bochner–Wëitzenbock formula, that is,
1
2
L|∇v|2 = |∇2v|2 + ⟨Ric(L)∇v,∇v⟩ + ⟨∇Lv,∇v⟩,














= 2(m− 1)|∇v|2Lv + 2(m− 1)v⟨∇Lv,∇v⟩ + 2⟨∇v,∇|∇v|2⟩,
(m− 1)vL|∇v|2 = (m− 1)v1|∇v|2 − ⟨∇φ,∇|∇v|2⟩
= (m− 1)v2|∇2v|2 + 2⟨Ric(L)∇v,∇v⟩ + 2⟨∇Lv,∇v⟩
≥ 2(m− 1)
p








L|∇v|2 ≤ 2F1|∇v|2 + 2⟨∇|∇v|2,∇v⟩ − 2(m− 1)p v(Lv)







Lemma 2.2. Let u and v be as in Lemma 2.1. Then,














+ F 21 .










































































⟨∇v,∇(vFα)⟩ = v⟨∇v,∇Fα⟩ + Fα|∇v|2,
we can rewrite the last term in the above formula forL(Fα) as
2
v
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Hence we get









(Lv)2 + α vt
v
F1 − 2 |∇v|
2
v











Note the last five terms can be simplified as
αz(z − y)− 2y(z − y)− αzy+ y2 + 2(αz − y)y = (α − 1)z2 + (z − y)2.
So,














+ F 21 . 
3. Proof of Theorem 1.4
As in [6], we use the localization technique of Li and Yau [4]. Denote by B(O, 2R) the ball of radius 2R > 0 and centered
O in (Mn, g), and denote by r(x) the distance function from O to x. Now we give the proof of Theorem 1.4.




1 in [0, 1],




≤ 40, θ ′ ≤ 0, and θ ′′ ≥ −40θ ≥ −40.












Lη ≥ −40((p− 1)(1+ KR)+ 1)
R2
, if Ricp,n ≥ −(p− 1)K 2, (3.3)
where p = (1+ β)n (∀β > 0), L = ∆−∇φ · ∇ . In particular, Lη ≥ −40pR−2, when Ricp,n ≥ 0.








By the generalized Laplacian comparison theorem [8] when Ricp,n ≥ −(p− 1)K 2,
Lr ≤ (p− 1)K coth(Kr).
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(ii) We apply the operatorL to the function tη(−Fα), then apply themaximum principle argument. If tη(−Fα) ≤ 0 on Q ,
the inequalities (1.6) and (1.7) are obvious. Now we assume max(x,t)∈Q tη(−Fα) > 0. Let (x0, t0) be a point where tη(−Fα)
achieves the positive maximum. Clearly we have t0 > 0 and at (x0, t0)
∇Fα = −∇η
η
Fα, L(tη(−Fα)) ≥ 0.
All further calculations in this proof will be at (x0, t0). Denote C4 := 40((p − 1)(1 + KR) + 1), y˜ := ηy = η |∇v|2v and
z˜ := ηz = η vt
v
















− (α − 1)tη2z2 − tη2F 21 + 2t(m− 1)vη
|∇η|2
η
(−Fα)+ C4R2 (m− 1)tvη(−Fα)+ η
2(−Fα)
≤ −p(m− 1)+ 2
p(m− 1) · t(y˜− z˜)
2 + 2(p− 1)(m− 1)K 2ty˜ηv + 2mtη2⟨∇(−Fα),∇v⟩
− (α − 1)tη2z2 + 2t(m− 1)vη |∇η|
2
η
(−Fα)+ C4R2 (m− 1)tvη(−Fα)+ η
2(−Fα)
≤ −p(m− 1)+ 2
p(m− 1) · t(y˜− z˜)
2 + 2(p− 1)(m− 1)K 2ty˜ηv + 2mt(y˜− αz˜)|∇η| |∇v|
− (α − 1)tz˜2 + (y˜− αz˜)

(m− 1) (80+ C4)
R2
· tv + 1

.
In the third inequality above, we have used F1 = (m − 1)Lv = z − y and Ricp,n ≥ −(p − 1)K 2 on B(O, R). And in the last
inequality above, we have used ∇Fα = −∇ηη Fα and (3.2).
Now we write C5 := 80+ C4 and η2F 21 as
(y˜− z˜)2 = 1
α2









2mt(y˜− αz˜)|∇η| · |∇v| ≤ 40
R
mt(y˜− αz˜)y˜1/2v1/2.
Putting these together we have
0 ≤ − t
a2α2
















ty˜2 + 2(m− 1)(p− 1)K 2ty˜vη − (α − 1)tz˜2, (3.4)
where a2 = p(m−1)p(m−1)+2 .
(1) When K = 0, using









· y˜1/2v1/2 ≤ v
R2
200a2α2m2
α − 1 .
Thus it follows from (3.4)
0 ≤ − t
a2α2
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Then,












This gives the first estimate, (1.6).







ty˜2 + 2(m− 1)(p− 1)tK 2y˜vη ≤ C7tv2,
where
C7 := (m− 1)
2(p− 1)2a2α2K 4
(α − 1)2 .
Then the above quadratical inequality (3.4) on (y˜− αz˜) reduces to











y˜− αz˜ ≤ a2α
2
2



















+ (m− 1)(p− 1)K
2
α − 1 v

.
The claimed result follows from this easily. 
Using the local estimate, as in [6], we arrive at several corollaries.
Corollary 3.1. Let u(x, t), t ∈ [0, T ], be a smooth positive solution of the weighted PME (1.1), m > 1, on a complete manifold
(Mn, g).
(1) If Ricp,n ≥ 0, then
F1 ≥ − p(m− 1)t(p(m− 1)+ 2) , (3.6)
for t ∈ (0, T ], provided that v(x, t) = o(r2(x)) uniformly in t ∈ (0, T ].














where a2 and C3(α) as in Theorem 1.4.
Proof. (1) Taking R →∞ and then α → 1 in (1.6) we have the result.
(2) Taking R →∞ in (1.7) we have the result. 
Corollary 3.2. Same notations and assumptions as in Theorem 1.4. Denote vR,Tmin to be minB(O,R)×[0,T ] v. Assume that Ricp,n ≥












4vR/2,Tmin (t2 − t1)
− a2α(t2 − t1)vR,Tmax






where d(x1, x2) is the distance and the constants a2, C2(α), C3(α) and C ′1(KR) are as in Theorem 1.4.
































The result follows from the observation that γ (s) lies completely inside B(O, R) and the estimate in Theorem 1.4. 
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Corollary 3.3. Same notations and assumptions as in Corollary 3.1. We further assume that vmax := maxM×[0,T ] v < ∞. Let
x1, x2 ∈ M and 0 < t1 < t2 ≤ T .
(1) If (M, g) has Ricp,n ≥ 0, then





4(t2 − t1) .
(2) If Ricp,n ≥ −(p− 1)K 2 for some K > 0, then for any α > 1
v(x2, t2)− v(x1, t1) ≥ −(m− 1)καvmax log t2t1 −
(m− 1)2(n− 1)κα
α − 1 K
2v2max(t2 − t1)−
αd2(x1, x2)
4(t2 − t1) .
Proof. (1) Let γ (t) to be a constant speed geodesic with γ (t1) = x1 and γ (t2) = x2. We compute using (3.6)
v(x2, t2)− v(x1, t1) ≥
 t2
t1





|∇v|2 − p(m− 1)






≥ − p(m− 1)





4(t2 − t1) .
Similarly, using (3.7), we get (2). 
Corollary 3.4. Same assumption and same notations as in Theorem 1.4. Let 1 < δ < m/(m − 1) fixed. Define α by
α−1
α
= (m− 1)(δ − 1).
(1) Assume Ricp,n ≥ 0 on B(O, 2R), then we have on Q ′













(2) Assume that Ricp,n ≥ −(p− 1)K 2 for some K > 0 on B(O, 2R). Then we have on Q ′

















where L = ∆−∇φ · ∇ , the constants a2, C1, C2(α), C3(α) and C ′1(KR) are as in Theorem 1.4.
Proof. Clearly α > 1. We compute
Lvδ = δvδ−1






α(m− 1) · v
δ−1






α(m− 1) · v
δ−1Fα.
The corollary follows easily from Theorem 1.4. 
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